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Abstract— The problem of stabilization for nonaffine in control
systems with guaranteed transient performances is discussed.
The fast dynamic output feedback controller with the highest
output derivative in feedback loop is used, where the controller
is proper and can be implemented without ideal differentiation.
Two-time-scale motions are induced in the closed-loop system
and the method of singular perturbations is used to analyze the
closed-loop system properties. Stability conditions imposed on the
fast and slow modes and sufficiently large mode separation rate
can ensure the output stabilization at the origin of nonaffine
system in such a way that the transient performances are
desired and insensitive to external disturbances and variations of
nonlinear system parameters. The effect of fast-motion subsystem
bifurcations caused by non-affinity of the control system is
emphasized and numerical examples with simulation results are
presented.

I. INTRODUCTION

The importance of stabilization problem for nonlinear time-
varying control systems arises from various applications such
as aircraft control, robotics, mechatronics, chemical industry,
electrical and electro-mechanical systems. The numerous re-
search efforts on solution of nonlinear system stabilization
problem have been done during the last few decades. Various
methodologies are available for controller design of affine-in-
control systems, for instance, [1]–[3].

An illustrative example of affine in the control SISO system
is the following one

x(n) = f(X, w) + g(X, w)u, X(0) = X0,

where X(t) is the state vector of the system, X =
{x, x(1), . . . , x(n−1)}T ; x(t) is the measurable output of the
systems; w(t) is the vector of external disturbances or varying
parameters; u(t) is the input of the system.

Note, the function u = [g(X, w)]−1[z − f(X, w)] is the
explicit inversion of z = f(X,w) + g(X, w)u with respect to
control variable u for given z, X , w.

Let us consider the nonaffine in the control system governed
by the following differential equation

x(n) = f(X, w, u), X(0) = X0. (1)

Assume that an explicit inversion of the function z =
f(X, w, u) with respect to control variable u is impossible
for given z, X , w.

1This work was supported by RFBR under grant no. 08-08-00982-a.

There are various examples of nonaffine-in-control systems
investigations that rise from important practical applications
such as magnetic servo levitation control system discussed
in [4], controller design for a nonaffine UAV model reported
in [5], pendulum control systems presented in [6] and [7],
controller design for chemical reactions discussed in [8], etc.

The dynamic inversion control methodology for nonaffine-
in-control systems in the presence of uncertainties reported
in [9] based on implementation of the radial basis function
neural network (RBF NN) approximation of the unknown
nonlinearity, state predictor, and the adaptive law for RBF NN
weights. Hence, the whole closed-loop system is too compli-
cated one, where the order of the closed-loop system depends
on the number of RBF’s. The other feature of this design
methodology is that the method of singular perturbations is
used to analyze the closed-loop system properties. Note, the
method of singular perturbations was reported in [11]–[15]
and many other publications.

In contrast to the control methodology discussed in [9] and
[10], the approach reported in [3] has such advantages as: first,
the controller can be selected of the same order as the relative
degree of the uncertain system (1); second, the proposed
design methodology guarantees the desired output transient
performances in presence of unknown external disturbances
and variations of parameters of the system (1).

The main point of novelty in the paper is the investigation
of fast-motion subsystem bifurcations caused by non-affinity
of the control system given by (1). It has been shown that
the design methodology reported in [3] can be extended for
nonaffine in control systems. Finally, numerical examples with
simulation results are presented as well.

II. OUTPUT STABILIZATION PROBLEM

Consider the SISO nonaffine-in-control continuous-time
system given by (1). where it is assumed that components
x(1), . . . , x(n−1) are not measurable, but the component x(t)
is the measurable output (controlled variable) of the system,
x ∈ R; X(0) = X0 is the initial state, X0 ∈ ΩX ; ΩX

is a compact set, ΩX ⊂ Rn; w is the vector of external
disturbances or varying parameters, which are not measurable,
w ∈ Ωw, Ωw is a compact set; u(t) is the input of the system,
u ∈ R. The nonlinear scalar function f(X, w, u) is continuous
one for all its arguments (X, w, u) ∈ ΩX,w,u = ΩX×Ωw×Ωu,
and f(X, w, u) is unknown function as well.

A control system is being designed so that the origin
x = 0 of the system (1) is the uniformly asymptotically stable
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equilibrium point, that is

lim
t→∞

x(t) = 0 (2)

for arbitrary initial conditions.

III. INSENSITIVITY CONDITION

Let us consider the reference model of the desired output
behavior for (1) in the following form

Ad(s)x(s) = 0, (3)

where

Ad(s) = sn + ad
n−1s

n−1 + · · ·+ ad
1s + ad

0.

Let the polynomial Ad(s) be stable and parameters of Ad(s)
are selected in accordance with the desired transient perfor-
mances for x(t).

From (3) the reference model of the desired behavior for
x(t) in the form of the following n-th order stable differential
equation

x(n) = −ad
n−1x

(n−1) − · · · − ad
1x

(1) − ad
0x (4)

results. Let us rewrite the equation (4), for short, as

x(n) = F (X), (5)

where x(t) exponentially converges at the origin for arbitrary
initial conditions of (4).

Denote eF , F (X)−x(n), where eF is the realization error
of the desired behavior assigned by (5) and x(n) is governed
by (1). Accordingly, if the condition

eF = 0 (6)

holds, then the behavior of x(n) with prescribed dynamics of
(5) is fulfilled, thus x(t) → 0 exponentially as t →∞.

Hence, the output stabilization problem given by (2) has
been reformulated as the requirement (6). Expression (6) is
called as the insensitivity condition for the behavior of the
output x(t) with respect to the external disturbances and
varying parameters of the system (1). In accordance with (1),
the condition (6) can be rewritten as

F (X)− f(X, w, u) = 0. (7)

Assumption 1: Let an isolated root of (7) exists, which can
be denoted as the control function

uid(t) = f−1(X(t), w(t), F (X(t))) (8)

in some neighbourhood of the point (X, w), where uid(t) is
not available explicitly as well as uid(t) may be non-unique
solution, hence (8) is multivalued function in general.

The control function uid(t) is called as the nonlinear inverse
dynamics solution and one corresponds to the desired output
behavior of (1) prescribed by (5).

IV. MAIN RESULTS

A. Control law

In order to keep hold of (6), that is (7), under the condition
of unknown external disturbances and varying parameters, as
well as unknown nonlinear function f(X, w, u) of the system
(1), let us consider the dynamic output feedback control law
given by the following differential equation:

µqu(q) + dq−1µ
q−1u(q−1) + · · ·+ d1µu(1) + d0u

= k0{F (X)− x(n)}, (9)

where the n-th derivative of x(t) is used in feedback loop, µ
is a small positive parameter,

Remark 1: If q ≥ n, then the dynamic output feedback
controller (9) is proper and one can be rewritten as the system
of state space differential equations given by

U̇ = AcU + Bcx,

u = CcU + Dcx,
(10)

where U ∈ Rq, Ac ∈ Rq×q, Bc ∈ Rq×1, Cc ∈ R1×q, Dc ∈ R.
Remark 2: The conventional proportional-integral (PI) con-

troller results from (9) when q = n = 1 and d0 = 0. The PI
controller with additional low-pass filtering results from (9)
when q > n = 1 and d0 = 0. The proper PID controller with
additional low-pass filtering results from (9) when q ≥ n = 2
and d0 = 0.

B. Two-time-scale motions in the closed-loop system

In accordance with (1) and (9), the closed-loop system is
given by

x(n) = f(X, w, u), (11a)

µqu(q) + dq−1µ
q−1u(q−1) + · · ·+ d1µu(1) + d0u

= k0{F (X)− x(n)}. (11b)

Theorem 1: If d0 = 0 and µ → 0, then two-time-scale
motions are induced in the closed-loop system (11) such that
the slow-motion subsystem (SMS) is the same as the reference
model equation (5), as well as the fast-motion subsystem
(FMS) is given by

µ
d

dt
uj = uj+1, j = 1, . . . , q − 1,

µ
d

dt
uq = −k0f(X,w, u1)− d1u2 · · · − dq−1uq (12)

+k0F (X),

where X and w are treated as the constant values during the
transients in (12).
Proof. Substitution of (11a) into (11b) yields

x(n) = f(X,w, u), (13a)

µqu(q) + · · ·+ d1µu(1) + d0u + k0f(X, w, u)
= k0F (X). (13b)
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Let us rewrite the closed-loop system equations (13) as

d

dt
xi = xi+1, i = 1, . . . , n− 1,

d

dt
xn = f(X, w, u1),

µ
d

dt
uj = uj+1, j = 1, . . . , q − 1, (14)

µ
d

dt
uq = −d0u1 − k0f(X, w, u1) · · · − dq−1uq

+k0F (X),

where U1 = {u1, u2, . . . , uq}T and uj = µj−1u(j−1), ∀ j.
If µ → 0, then fast and slow modes are forced in the closed-

loop system (14) where the time-scale separation between
these modes depends on the parameter µ.

Let us introduce the new fast time scale t0 = t/µ. Hence,
from (14), we get

d

dt0
xi = µxi+1, i = 1, . . . , n− 1,

d

dt0
xn = µf(X, w, u1),

d

dt0
uj = uj+1, j = 1, . . . , q − 1,

d

dt0
uq = −d0u1 − k0f(X, w, u1)− d1u2 · · · − dq−1uq

+k0F (X),

as the closed-loop system equations in the new time scale t0.
It is easy to see that as µ → 0, we get the FMS equations in
the new time scale t0, that is

d

dt0
uj = uj+1, j = 1, . . . , q − 1,

d

dt0
uq = −d0u1 − k0f(X,w, u1)− d1u2 · · · − dq−1uq

+k0F (X).

Take d0 = 0 in order to include an integral action into the
control loop and, accordingly, provide the robust zero steady-
state error. Then, returning to the primary time scale t = µt0,
we obtain the FMS given by (12).

Next, take µ = 0, then from (12) the condition (7) results.
Hence, by (8), U1 = U id

1 is the equilibrium point of the
FMS (12), where U id

1 = {uid
1 , 0, . . . , 0}T and uid

1 = uid.
Substitution of d0 = 0 and µ = 0 into (14) yields the so-
called reduced system (that is the SMS of (14))

d

dt
xi = xi+1, i = 1, . . . , n− 1,

d

dt
xn = F (X), X(0) = X0,

(15)

which is the same as the reference model equation (5) that is
the exponentially stable linear system.

Remark 3: The equilibrium state of the FMS (12) yields the
slow-motion manifold (SMM) equation given by (7) where
u = uid. In general case, the SMM consists of attractive
and repulsive subsets that can be determined by the absolute
stability analysis of the FMS.

Assumption 2: Assume that U id
1 exists for all (X,w) ∈

ΩX,w = ΩX × Ωw such that U id
1 is the locally exponentially

stable equilibrium point of the FMS given by the equation
(12). and ΩU1 = {U1 ∈ Rq | ‖U1 − U id

1 ‖2 ≤ δ, δ > 0} is a
subset of the region of attraction for U id

1 .
Denote Xref = {xref

1 , xref
2 , . . . , xref

n }T , where Xref (t) is
a solution of (15) on [0,∞) for initial conditions given by
Xref (0) = X(0) ∈ ΩX . Denote Xµ = {xµ

1 , xµ
2 , . . . , xµ

n}T ,
Uµ

1 = {uµ
1 , uµ

2 , . . . , uµ
q }T , where Xµ(t) and Uµ

1 (t) are solu-
tions of (14) on [0,∞) for initial conditions given by Xµ(0) =
X(0) ∈ ΩX , Uµ

1 (0) = U1(0) ∈ ΩU1 .
Corollary 1: From the exponential stability of (12) and

(15), in accordance with the basic theorem on singular pertur-
bations (see, for instance, [2], [12], [16]) there exists a positive
constant µ? such that for all t ≥ 0, X0 ∈ ΩX , U1 ∈ ΩU1 , and
0 < µ < µ?, the unique solution of (14) exists on [0,∞) and
the condition

Xµ −Xref = O(µ) (16)

holds uniformly for t ∈ [0,∞).
Remark 4: Assumption 2 implies that the condition (16)

holds despite that f(X, w, u) is unknown function. So, if a suf-
ficient time-scale separation between the fast and slow modes
in the closed-loop system and exponential convergence of FMS
transients to equilibrium are provided, then after the damping
of fast transients the desired output behavior prescribed by
(5) is fulfilled. Thus, the output transient performance indices
are insensitive to parameter variations of the nonlinear system
and external disturbances, by that the solution of the discussed
control problem (2) is maintained.

V. EXAMPLES

A. Example 1

At the beginning, in order to make a comparison of an affine
system with the non-affine one, let us consider the following
affine nonlinear system

ẋ = x3 − u, x(0) = x0. (17)

Let the controller is given by

µu̇ = k(−ax− ẋ), u(0) = u0, (18)

where µ is a small positive parameter and a > 0. The control
law (18) can be expressed in terms of transfer functions, that
is the structure of the conventional PI controller given by

u(s) = −k

µ

[a

s
+ 1

]
x(s).

Substitution of (17) into (18) yields the singularly perturbed
differential equations [11] of the closed-loop system

ẋ = x3 − u, x(0) = x0, (19a)

µu̇ = k(−ax− x3 + u), u(0) = u0, (19b)

where fast and slow modes are forced as µ → 0. Accordingly,
from (19) the FMS

µu̇ = k(−ax− x3 + u), u(0) = u0 (20)

___________________________________________ 
978-1-4244-2320-0/08/$25.00 ©2008 IEEE  

IFOST 2008



follows, where x is treated as the frozen parameter during the
transients in (20). Denote

ϕ(x, uid) := ax + x3 − uid.

Then the SMM is given by

ϕ(x, uid) = 0. (21)

Hence, we get
uid = ax + x3,

where uid is the unique exponentially stable isolated equilib-
rium point of the FMS (20) and the SMM is globally attractive
manifold if the condition k < 0 holds.

Take u = uid, then from (19a) and (21), we get the SMS

ẋ = −ax, x(0) = x0. (22)

Hence, after the damping of fast transients, the condition
x(t) → 0 holds due to (22) for arbitrary initial conditions, that
is the global stabilization of (17), where the desired settling
time is defined by selection of the parameter a.

Fig. 1. Phase portrait of the closed-loop system (17), (18).

The phase portrait of the system (17)–(18) is shown in
Fig. 1, where the equilibrium point of the system (17)–(18)
is marked by a black dot. The simulation has been done for
a = 1, µ = 0.1 s, k = −10.

B. Example 2
The following example reveals the effect of FMS bifurca-

tions caused by non-affinity of the control system. Consider
the nonaffine-in-control system given by

ẋ = x3 + u(1− u2), x(0) = x0, (23)

where an explicit inversion of the function

z = x3 + u(1− u2)

with respect to variable u is impossible for given z and x. Let
the controller is given by (18). Substitution of (23) into (18)
yields the closed-loop system in the form

ẋ = x3 + u(1− u2), x(0) = x0, (24a)

µu̇ = k[−ax− x3 − u(1− u2)], u(0) = u0. (24b)

Accordingly, from (24) the FMS

µu̇ = k[−ax− x3 − u(1− u2)], u(0) = u0 (25)

follows as µ → 0, where x is treated as the frozen parameter
during the transients in (25).

Let uid be an isolated equilibrium point of (25). Denote

ϕ(x, uid) := ax + x3 + uid(1− u2
id).

Hence, the equation of the SMM given by (21) turns into

ax + x3 + uid(1− u2
id) = 0, (26)

where the solution of (26) is non-unique in general. Take u =
uid, then from (24a) and (26), the SMS results which is the
same as (22).

Let uid be an exponentially stable equilibrium point of the
FMS given by (25). Denote

Ωu = {u : |u− uid| ≤ δ, δ > 0}
is a subset of the region of attraction for uid and u(0) ∈
Ωu. Then after the damping of fast transients, the condition
x(t) → 0 holds due to (22), that is the local stabilization of
(23). However, the FMS equilibrium population defined by
(26) depends on the frozen parameter x.

By the joint resolution of (26) and

∂ϕ(x, uid)/∂uid = 0,

two points of the SMM inflection can be found, that are

(x1, u1) : ϕ(x1, u1) = 0 ∧ u1 = −1/
√

3

and
(x2, u2) : ϕ(x2, u2) = 0 ∧ u2 = 1/

√
3,

where x1 > 0 and x2 < 0.
Let the conditions k < 0 and x2 < x < x1 hold, then

the FMS (25) has three equilibrium points defined as u1(x),
u2(x), u3(x), which can be ordered as

u1(x) < u2(x) < u3(x),

where u1(x) and u3(x) are the locally exponentially stable
equilibrium points, u2(x) is the unstable equilibrium point.
In addition, the FMS (25) has the unique exponentially stable
equilibrium point when

x > x1 or x < x2.

Hence, x is the bifurcation parameter of the FMS (25), where
x1 and x2 are the bifurcation points of the FMS (25).

There are two locally exponentially stable equilibrium
points of the closed-loop system given by (23) and (18), that
are [x̃1, ũ1]′ = [0,−1]′ and [x̃3, ũ3]′ = [0, 1]′, as well as the
unstable equilibrium point [x̃2, ũ2]′ = [0, 0]′, hence x(t) → 0
for arbitrary initial conditions. The phase portrait of the system
(23), (18) is shown in Fig. 2, where the stable equilibrium
points are marked by a black dot and the unstable equilibrium
point is marked by the circle. The simulation has been done
for a = 1, µ = 0.1 s, k = −10.
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Fig. 2. Phase portrait of the closed-loop system (23), (18).

C. Example 3

Consider the nonaffine-in-control system given by

ẋ = 0.2u− 2 sin(u), x(0) = x0. (27)

Let the controller is given by (18). Substitution of (27) into
(18) yields the closed-loop system in the form

ẋ = 0.2u− 2 sin(u), x(0) = x0, (28a)

µu̇ = k[−ax− 0.2u + 2 sin(u)], u(0) = u0. (28b)

From (28) the FMS

µu̇ = k[−ax− 0.2u + 2 sin(u)], u(0) = u0 (29)

follows as µ → 0, where x is the frozen parameter during the
transients in (29). The equation of the SMM is given by

ax + 0.2uid − 2 sin(uid) = 0, (30)

where the solution of (30) is non-unique one. Take u = uid,
then from (28a) and (30), we get the SMS given by (22).

The phase portrait of the system (27), (18) is shown in
Fig. 3, where there are four locally exponentially stable
equilibrium points marked by a black dot and there are
three unstable equilibrium points marked by the circle. The
simulation has been done for a = 1, µ = 0.1 s, k = 10.

VI. CONCLUSION

In accordance with the presented methodology of controller
design the fast motions occur in the closed-loop system
such that after fast ending of the fast-motion transients, the
behavior of the overall singularly perturbed closed-loop system
approaches that of the SMS, which is the same as the reference
model. Hence, the desired output performance specifications
are provided, as well as insensitivity of the output transient
behavior with respect to unknown external disturbances and
varying parameters of the system. It has been shown that
non-affinity of the control system may result in fast-motion
subsystem bifurcations.

Fig. 3. Phase portrait of the closed-loop system (27), (18).

REFERENCES

[1] C. I. Byrnes, A. Isidori, and L. Marconi, “Further results on output
regulation by pure error feedback”, In: Proc. of 16th IFAC World
Congress, Prague, Czech Republic, pp. 258–263, 2005.

[2] H. K. Khalil, Nonlinear Systems. 3rd ed., Upper Saddle River, N.J. :
Prentice Hall, 2002.

[3] V. D. Yurkevich, Design of Nonlinear Control Systems with the Highest
Derivative in Feedback, World Scientific, 2004.

[4] H. M. Gutierrez and P. I. Ro, “Magnetic servo levitation by sliding-
mode control of nonaffine systems with algebraic input invertibility”,
IEEE Trans. on Industrial Electronics, vol. 52, no. 5, pp. 1449–1455,
2005.

[5] N. Unnikrishnan and S. N. Balakrishnan, “Neuroadaptive model follow-
ing controller design for a nonaffine UAV model”, In: Proc. of American
Control Conference, pp. 2951–2956, 2006.

[6] A. S. Shiriaev, H. Ludvigsen, O. Egeland, and A. L. Fradkov, “Swinging
up of non-affine in control pendulum”, In: Proc. of American Control
Conference, pp. 4039–4044, 1999.

[7] A. Young, Chengyu Cao, N. Hovakimyan, and E. Lavretsky, “Control
of a nonaffine double-pendulum system via dynamic inversion and time-
scale separation”, In: Proc. of American Control Conference, pp. 1820–
1825, 2006.

[8] S. S. Ge, C. C. Hang, and T. Zhang, “Nonlinear adaptive control using
neural network and its application to CSTR system”, J. Procees Control,
vol. 9, no. 4, pp. 313–323, 1998.

[9] E. Lavretsky and N. Hovakimyan, “Adaptive dynamic inversion for
nonaffine-in-control systems via time-scale separation: Part II”, In: Proc.
of American Control Conference, pp. 3548–3553, 2005.

[10] N. Hovakimyan, E. Lavretsky, and C. Cao, “Dynamic inversion of multi-
input nonaffine systems via time-scale separation”, In: Proc. of American
Control Conference, pp. 3594–3599, 2006.

[11] A. N. Tikhonov, “Systems of differential equations containing a small
parameter multiplying the derivative”, In: Mathematical Sb., Moscow,
vol. 31, no. 3, pp. 575–586, 1952.

[12] A. I. Klimushchev and N. N. Krasovskii, “Uniform asymtotic stability of
systems of differential equations with a small parameter in the derivative
terms”, J. Appl. Math. Mech., vol. 25, pp. 1011–1025, 1962.
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